We have made substantial advances in elucidating the properties of the susceptibility of the square lattice Ising model. We discuss its analyticity properties, certain closed form expressions for subsets of the coefficients, and give an algorithm of complexity O(N 6 ) to determine its first N coefficients. As a result, we have generated and analyzed series with more than 300 terms in both the high-and low-temperature regime. We quantify the effect of irrelevant variables to the scaling-amplitude functions. In particular, we find and quantify the breakdown of simple scaling, in the absence of irrelevant scaling fields, arising first at order |T − T c | 9/4 , though high-low temperature symmetry is still preserved. At terms of order |T − T c | 17/4 and beyond, this symmetry is no longer present. The short-distance terms are shown to have the form (T − T c ) p (log |T − T c |) q with p ≥ q 2 . Conjectured exact expressions for some correlation functions and series coefficients in terms of elliptic theta functions also foreshadow future developments.
Introduction
Since Onsager's [1] celebrated solution of the Ising model free energy in 1944, followed by Yang's [2] proof of Onsager's result for the spontaneous magnetization in 1952, almost half a century has passed during which time many, if not most of the world's most able mathematical physicists have devoted themselves to the problem of elucidating the susceptibility. Attempting to list all these contributions would produce a bibliography of prohibitive length, and one that would inevitably commit many sins of omission. Therefore rather than attempt this, we will only make mention of those papers that have directly motivated our work here, and crave the forgiveness of those who we have inadvertently offended. While much of the notation for describing the square lattice Ising model is standard, we begin by defining our notation here both for the benefit of the more casual reader and to emphasize those cases where we deviate from convention. The interactions in the two perpendicular directions are taken to be K = βJ, K = βJ .
(1.1) but we also often set K = K to discuss the isotropic lattice. For high temperatures, s = sinh 2K and s = sinh 2K are appropriate variables for series expansions [3] , while for low temperatures, we use 1/s and 1/s instead. Thus, s * = sinh 2K * = 1/ sinh 2K = 1/s, s * = sinh 2K * = 1/ sinh 2K = 1/s . (1.2) In many cases, high-temperature and low-temperature formulas can be obtained from each other by Kramers-Wannier duality with a simple interchange of primes and stars. The critical temperature is defined by the condition s = s * .
A conventional high-temperature variable is v = tanh K, while an often-used low-temperature variable is u = exp(−4K). The translations between these and our variables are
and s * = 2u 1/2 /(1 − u), (1.4) and similarly for the primed variables.
In studying the critical behavior, we will use both the variable t = 1 − T c /T and more frequently τ = (1/s − s)/2 (isotropic) (1.5) to parameterize deviations from the critical temperature. To leading order, τ = 2K c √ 2t. An elliptic parameterization will be useful, and to that end we define the elliptic modulus, In terms of the correlation functions the susceptibility is
where M is the magnetization. In 1956 Syozi and Naya [4] presented an approximation to the anisotropic high-temperature susceptibility which gave the correct critical point, correct critical exponent, an amplitude estimate that was wrong by less than 1%, and reproduced the first 8 terms of the series expansion. It was also exact along the disorder line 1 In 1976 a celebrated paper by Wu, McCoy, Tracy and Barouch [6] showed how the high-and low-temperature expansions 1 For the fully anisotropic triangular lattice Ising model, with coupling constants v i = tanh J i /kT , i = 1, 2, 3, the condition for the disorder line is that v 1 v 2 + v 3 = 0. Along this line the correlations decay exponentially, and the partition function factorizes [5] . The disorder condition is of no particular interest in the case of the nearest neighbor square lattice Ising model. of the susceptibility could be understood in terms of a multi-particle expansion, with an odd number of particles being appropriate at high temperatures and an even number at low temperatures. With this interpretation it became clear that the result of [4] was just the lowest order, or one-particle approximation to the susceptibility.
In terms of the elliptic modulus k (1.6) the high-and low-temperature susceptibilities can be written (1.10) respectively, whereχ (j) is the sum over all lattice separations of the j-particle contribution to the two-point function, and was first given [6] as a 2j-fold multiple integral. It was subsequently shown that this integral can be reduced to a j-fold integral of the form
where G (j) is a fermionic determinant and f (j) is an algebraic function. This reduction has been achieved by various routes [3, [7] [8] [9] [10] [11] . The factor, G (j) , appearing in the integrand, which can be expressed in terms of Pfaffians [7] , has been found to have a product form, first by Palmer and Tracy in the low temperature regime [8] , and then independently by Yamada in both the high-and low-temperature regimes [9, 10] . From the product form it readily follows that the first non-zero term in (1.11) is 2 j(1−j) k j 2 /2 . From the original expression one could only conclude that each integral entered at order k j/2 , so clearly massive cancellations occur. While this comes as a surprise if handling the integral [6] directly, it follows straightforwardly [11] from the product form.
In terms of the elliptic modulus, the first terms in the high-and low-temperature expansions for the isotropic (K = K ) susceptibility arê
, (1.13) where E and K are the complete elliptic integrals 2 of the second and first kind respectively. 2 We trust there is no confusion with the coupling constant K.
Anisotropic versions of these formulae are given in section 3. Simple forms for higher terms in the expansion are not known.
In [12] one of us gave compelling evidence that unlike the free-energy and spontaneous magnetization, the anisotropic susceptibility χ(K, K ) is not differentiably finite. A series in n variables, f (z), is said to be differentiably finite or D-finite if and only if it satisfies a system of n partial differential equations of the form
where the P i,j (z) are polynomials and for each i = 1, · · · , n, P i,k i (z) is not the null polynomial, see e.g. Proposition 2.2 in [13] . Thus the expression for the susceptibility was shown to be in a different-and less tractable-class of function than other known properties of the Ising model. The evidence for this was based on the observation (not proved) that the anisotropic susceptibility χ (v, v ) , as a function of v with v fixed has a natural boundary on the unit circle |v| = 1.
For the isotropic susceptibility, another of us [3, 11] provided strong confirmation (though again, not a proof) of this observation by showing that the circle |s| = 1 in the complex s = sinh 2K plane is a natural boundary. These two observations are discussed further in section 3.2, following a discussion of the general anisotropic case in section 3.1.
In section 3.3 we also prove the important result that while χ(k) is not D-finite,χ (j) (k) is D-finite for all j.
Two other directions in which we have achieved substantial progress are in the generation of series coefficients for the individual seriesχ (j) , continuing work initiated in [3, 11] , and even greater progress in obtaining the coefficients of the total series χ using nonlinear partial difference equations for the correlation functions [14] [15] [16] .
In order to generate the series for the total susceptibility χ + or χ − without computing separately the j-particle contributions, a more efficient method of series generation is obtained by first returning to the expression (1.8) of the susceptibility as the sum over all lattice separations of the two-point correlation functions.
In the scaling limit, the two-point functions were found to satisfy a nonlinear differential equation of Painlevé type [6] which was then solved to give the leading scaling terms |τ | −7/4 and |τ | −3/4 exactly [6, 17] . In 1980, a discrete analogue of this equation was discovered by McCoy and Wu [14] which holds for the two-point functions of the lattice Ising model at arbitrary temperature, and which reduces to the Painlevé equation in the scaling limit. In the same year, a simple set of partial difference equations was derived by Perk [15] , which reproduced the equation of McCoy and Wu and provided an additional equation. Also in the same year, an unrelated set of difference equations, which can be used to compute the correlation functions on the diagonal, M = N , was obtained by Jimbo and Miwa [16] . Many of these developments are described in some detail in [18] .
The difference equations are valid for arbitrary temperature and were used by Kong, et al. [19] to obtain exactly the leading "short distance" constant terms in the susceptibility both at the ferromagnetic and anti-ferromagnetic points at T = ±T c . This work was later extended to give the amplitudes of the term τ log |τ | [20, 21] . Here we dramatically extend that work by obtaining all terms in the "short-distance" part 3 B f/af (see (1.16) and (1.17)) of the susceptibility to O(τ 14 ). Details necessary for the generation of C(M, N ) appear in section 4 while in section 6.1 we describe the numerical analysis of the C(M, N ) that leads us to conclude that the "short-distance" terms have the form
Although clearly nonanalytic at τ = 0 we have denoted these "short-distance" terms in (1.15) by B, as a further reminder that they also include the analytical "background." The actual coefficients in (1.15) can be found in the Appendix. The quadratic difference equations of Perk [15] can also be used to generate high-and low-temperature series for χ and as shown in section 4 the series coefficients can be obtained in polynomial time! While some people have expressed the view that a polynomial time algorithm for the computation of the series coefficients constitutes a solution, it is clearly preferable to have a closed form expression. Nevertheless, a polynomial time algorithm is equivalent to a complete solution if one seeks only the series coefficients, as to expand any closed form expression also takes polynomial time. As the history of the development of these key nonlinear recurrences described above shows, the ingredients for such an algorithm have existed unexploited in the literature for many years.
Analysis of the resulting series of hitherto unimaginable length combined with the "shortdistance" knowledge contained in (1.15) leads to a solidly based conjecture specifying completely the remaining "scaling" part of the susceptibility χ of the isotropic Ising model. Near the anti-ferromagnetic point the "short-distance" terms are complete and we simply have for T > T c β −1 χ af = B af (isotropic). (1.16) Near the ferromagnetic point we conjecture (for T > T c or T < T c )
where the scaling-amplitude functions F ± have (possibly asymptotic) expansions in integer powers of τ without any of the powers of log |τ | present in B f/af . The leading terms are
where f
− . In fact the breakdown in equality is dramatic, and we estimate that f (6) 
where more accurate values of these and further terms in (1.18) through order τ 15 are given in the Appendix. In section 6.2 we describe the "short-distance" subtraction and analysis on which the assumed form of the expansion of the scaling-amplitude function F ± (1.18) is based, while the analysis leading to the numerical values of the coefficients in (1.18) is sketched in section 6.3.
Aharony and Fisher [24, 25] have predicted a scaling-amplitude function F (A&F) that is equal above and below T c on the assumption that the Ising model critical region can be described entirely by two nonlinear scaling fields. Our exact result (1.18) is clearly different and furthermore the explicit expansion (cf. eqs. (22) (23) (24) in [11] )
differs from (1.18) at order τ 4 . This is unequivocal evidence for the presence of at least one, and almost surely two, irrelevant operators 4 . There is further possible evidence for irrelevant operators in the "short-distance" terms (1.15) which contain powers of log |τ | beyond the first starting at τ 4 (log |τ |) 2 , and thus are not of the "energy" form given by the nonlinear field analysis.
An important numerical study investigating corrections to scaling was that of Gartenhaus and McCullough [22] who confirmed the F (A&F) form in (1.19) through O(τ 3 ) and provided a good estimate of the term linear in τ in B f in (1.17) . Estimates of terms to O(τ 2 log |τ |) in B af in (1.16) were obtained in [23] . An attempt [11] to go beyond this using longer series than available in [22] was inconclusive other than to indicate the necessity of terms beyond that predicted by Aharony and Fisher [24, 25] .
Our numerical work began in part as a modest attempt to improve on [11] but expanded to where it now clearly quantifies the effect of nonlinear scaling fields [24] as well as irrelevant operators. As anisotropy is a marginal operator, extending the present calculation to the anisotropic square lattice would, we expect, be extremely helpful in better understanding the effect of the irrelevant operator(s) we have identified. Both this and a study of the susceptibility on the triangular and hexagonal lattices are projects we hope to tackle in the near future.
The layout of the paper is as follows. In section 2 we define the model and give some useful parameterizations. In section 3 we show how the key integrals referred to above may be simplified, and provide a short proof of the assertion thatχ (j) , so defined, is D-finite, even though, as we have seen, χ is presumably not. In section 4 the computation of the susceptibility series from the correlation functions by means of nonlinear partial difference equations is shown to be achievable in polynomial time. In section 5 we first discuss the isotropic series in k, and then the q series form of the susceptibility. In this subsection some regularity features of the coefficients are discovered and the consequences partially developed. In section 6 we summarize our numerical work, state our conjecture giving the complete analytic structure of the isotropic susceptibility, and quantify the effect of irrelevant variables in the scaling fields. Finally, in section 7 we review scaling theory as it applies to the two-dimensional Ising model, and comment on the relevance of our results to this theory and to the renormalization group. The high-and low-temperature series for χ iso are given on the WWW at site www.ms.unimelb.edu.au/∼tonyg.
Definitions and notation
In this section of the paper it will be convenient to formulate the general anisotropic model. Our later numerical work is confined to the isotropic model.
The complementary modulus of the elliptic modulus k (1.6) is given by k = √ 1 − k 2 . Here the prime is not related to the anisotropy. The moduli, k and k , are related to the elliptic nome, q, by
(2.1)
The connection between the two moduli yields a well-known theta function identity. (See section 13.20 of Bateman [26] for these and other formulas.) In terms of these variables the magnetization takes a particularly simple form [27] 
for T < T c , and 0 otherwise. The theta functions introduced above have useful infinite sum and product forms, which we will subsequently use. For zero argument these are
Thus,
In the elliptic parameterization, one variable is taken to be either k or q. We take the other variable to be the anisotropy parameter. Onsager [1] used the variable a defined by
We will also need the related variable
In some contexts, it will be useful, following ref. [19] , to use instead the variables α and α defined by
Obviously cot α = tan α . The isotropic values of these variables are sn ia = sn ia = i/ √ k and α = α = π/4. We observe that q 1/2 = x where x is the variable of ref. [27] , defined by 11) in which the spontaneous magnetization has a simple product form. The elliptic modulus of ref. [27] is related to our k by a Landen transformation [28, section 15.6 ].
In reference [27] it was also noted that the first terms of the isotropic (K = K ) hightemperature susceptibility have a simple product expression, which breaks down at order q 8/4 . This is explained by the expansion of the high-temperature susceptibility in multiparticle states described in the Introduction. The contribution of one-particle states has a product form, and the first three-particle state contributes at order q 8/4 . This one-particle product form iŝ
(2.12) (Strictly speaking the product form above is not the product form of ref. [27] which actually breaks down only at order q 9/4 . They differ by a factor which first contributes at order q 8/4 and the absence of this factor in ref. [27] exactly compensates for the addition of the first term ofχ
iso .) Attempts to do the same for the low-temperature series have failed as we do not know of a product form forχ (2) iso . The function K has one, namely
while the function E is given in terms of q by the formula [26] 
3 Integral formulae forχ (j) In this section we present integral expressions for theχ (j) and show that they define D-finite functions.
Trigonometric form of integrals
We will start with the form given by Yamada [9, 10, [29] [30] [31] for the j-particle contribution χ (j) in terms of elliptic variables, and derive from it an expression in terms of trigonometric/hyperbolic variables. The integral expression iŝ
where the modulus of the complete elliptic integral K is k, and this same modulus is assumed in all Jacobi elliptic functions which appear below. Considered as a function of one of the u n , the integrand has a single simple pole on the real axis which derives from the last factor in the integrand. The contour of integration is deformed in the vicinity of the pole so that only half the residue is taken. The function G (j) can be written as the product
and z n , x n and h mn are given by z n = e iωn = sn 1 2 (u n + ia ) sn 1 2 (u n − ia ) = − sn ia cn u n + cn ia sn u n sn ia dn u n − dn ia sn u n ,
Note that the trigonometric/hyperbolic variables, ω n and γ n are related to the elliptic variables, u n and a by the functional equation
The choice of a rather than a as anisotropy parameter is arbitrary because of the symmetry under interchange of horizontal and vertical lattice axes. Choosing a at this point results in expressions for ω n and γ n which are equivalent to those of Onsager.
The mapping between the elliptic parameterization and the trigonometric/hyperbolic one was described in ref. [11] for the isotropic case. The formulas below are a generalization of this mapping. It is simpler to use the trigonometric parameterization than it is to use the elliptic parameterization for numerical series generation.
The variables ω n and γ n defined above satisfy the identities given in Appendix 2 of Onsager's paper [1] ,
Notice that it is a which appears in these formulas rather than a . The mapping from the variables u n and a to the variables ω n and γ n is conformal, as is seen from the formulas, also given by Onsager −∂ω n /∂u n = ∂γ n /∂a = k 2 /M n = i sinh γ n / sn ia ∂γ n /∂u n = ∂ω n /∂a = k 2 k sn ia sn u n /M n .
(3.10)
Finally, Onsager gives the functional equation
To make the change of variables, we first note that φ n = π corresponds to u n = 0, and φ n = 0 corresponds to u n = 2K. Using eq. (3.10), we see that
which implieŝ
The condition ω 1 + . . . + ω j = 0 mod 2π, which results from having performed one of the integrations, is assumed. In terms of ω n , k and α, the quantities x n and sinh γ n can be expressed as
In the isotropic case, these reduce to
Here s = √ k for high-temperature and s = 1/ √ k for low temperature, although the distinction is irrelevant as the dependence of the integrand on s and 1/s is symmetric. Finally
(3.20)
When j = 1 or j = 2, the integrals can be rewritten in terms of known functions as was noted in the introduction for the isotropic case. When j = 3 Glasser [32] showed that the integrals can be written as an integral involving the square root of a polynomial of degree higher than 4. Such integrals are often called hyperelliptic integrals, and are a special case of Abelian integrals.
The corresponding anisotropic expressions arê
As we show in section 5, we can say more about the general form of the expansion, based on inspection of the long series published by Nickel [3, 11] , as well as more recent extensions reported here, giving hope that there is still more regularity to be found.
Natural boundaries
As mentioned in the introduction, there were observations, first in [12] and then in [3, 11] , that strongly suggested the susceptibility of the Ising model is a function with a natural boundary unlike the free-energy or magnetization. We expand and clarify those observations here in the light of our new knowledge of the general anisotropic case discussed in section 3.1 and the additional numerical work on the isotropic limit described in section 6.
First, we expect that as described in [3] , the χ (j) given by the integrals (3.1) multiplied by the factors outside the summation in eq. (1.9) or (1.10) will be singular at the symmetry points of the integrand and where the denominator factor 1 − j n=1 x n vanishes. The symmetry point condition requires all ω n to be equal and given by ω n = ω = 2πm /j, m = 1, 2, . . . j. The vanishing of the denominator factor requires the x n , now all equal, to be given by x n = x = exp(2πim/j), m = 1, 2, . . . j. Equivalently, from the explicit formula (3.14) ,
With cot 2 (α) = s /s from (2.9) and ξ given by (3.16), we find (3.23) can be reduced to
with m, m = 1, 2, . . . j as discussed above. It will be noted that the left-hand side of (3.24) is the denominator in the Onsager integral for the free-energy and thus we find the (to us) surprising result that the singularity of χ (j) , a property of the Ising model in a magnetic field, is intimately connected with a property in zero field. The full χ, being a sum of χ (j) , will naively be expected to be singular at a dense set of points and thus have the Onsager line (3.24) as a natural boundary. The presence of natural boundaries has implications for expansions about the physical singularity points s = ±1 that are necessary to understand corrections to scaling. We briefly explore some of these implications but restrict ourselves for simplicity to the ferromagnetic point s = 1 in the isotropic model. We also make the plausible assumption that the singularity in each χ (j) closest to τ = 0 is the most important for determining, in expansions of χ, the τ p large p asymptotics and this considerably simplifies the discussion 5 .
Let τ j = i sin θ j be that singularity in χ (j) that is closest to the ferromagnetic τ = 0; θ j is fixed by cos θ j = (1 + cos φ j )/2 with φ j = 2π/j. Choose the branch-cut arising from this singularity to lie along the imaginary τ axis and directed away from τ = 0. Take τ = iT to be a point on the branch-cut. Provided the (positive) deviation
is not too large, the discontinuity across the cut can be estimated from the linearized singularity equations (14) in [3] and (12) in [11] . For j > 2 a more general result that includes the first order correction is
The last equality is valid only in the large j limit. To obtain the discontinuity in say χ + , we must first sum the discontinuities in χ (j) , j odd, and this we can crudely estimate by integrating over j, keeping only the leading exponential factors in (3.25) and (3.26) and making a small angle approximation as well. Essentially the same formula is obtained for the discontinuity in χ − on summing over j even; in either case we find
where the sum is over j odd or j even, and the lower limit is simply the restriction to those j values that contribute, while the upper limit roughly defines the limit of validity of the linearized approximation. The precise value of this limit is not important since the integrand has a maximum well below the limit. For large j only the maximum of the integrand matters and (3.28) reduces to
) with x the smallest real solution of 2 log((x − 1)/2) + 1/(x − 1) = 0. Keeping terms such as the correction term in (3.26) and the 2 j in (3.27) in the steepest descent analysis lead to O(1/T ) corrections to the exponent in (3.29) so we conjecture that the right hand side of (3.29) is exactly the leading exponential.
It is interesting that the discontinuity (3.29) is similar to that found in weak coupling field theory expansions, but the mechanism producing the cut here does not seem to be related in any way to instantons. The additional singularities that χ has at τ = 0, namely terms such as the divergent "scaling" |τ | −7/4 or the "short-distance" powers of log |τ |, are a complication we do not know how to handle in any rigorous fashion 6 . As a consequence we will simply ignore them and make the simplest, yet reasonable, assumption that they make an additive contribution not relevant for understanding the effect of the natural boundary. Then the cut discontinuity (3.29) would imply a divergent behavior in the τ expansion of χ. That is to say, the coefficient of τ p in the limit p → ∞ will diverge as Γ(p/2)/a p/2 with a ≈ 39.76. This follows from a contour integral around the origin distorted to run on either side of the cut imaginary axis. The contribution of the cut discontinuity to the coefficient, C p , of τ p in the expansion is then
We know little about the cut discontinuity on the circle |s| = 1 other than what we have deduced near s = 1 as given by (3.29) . However, the fact that the amplitudes of the singularities of χ (j) on |s| = 1 vary dramatically with order j almost certainly implies there will be no cancellation of singularities in the sum of χ (j) that defines χ. Furthermore, the variation with order means that there is no length scale at which, as one approaches the circle of singularities |s| = 1, χ iso can be smooth. It is these two points taken together that we consider overwhelming evidence that, in the isotropic case at least, χ has a natural boundary that is the entire |s| = 1 circle. We do not imply by this that all points on the circle are equally "singular". As argued above, the existence of an asymptotic expansion about s = 1 seems likely. A very different situation arises at a point such as s = i. While the singularity in χ (j) on the circle s = exp(iθ) nearest s = 1 lies at a distance ∆θ = O(1/j) for large j, the corresponding nearest distance from s = i is ∆θ = O(1/j 2 ). Furthermore this latter singularity is larger in its leading amplitude than the former by a factor roughly j (j 2 )/2 . 6 If we knew that the "short-distance" corrections B f in (1.17) formed a convergent sequence, then a subtraction process similar to that described in section 6.2 could be carried out here. The numerical evidence from section 6.2 is that the point τ = 0 in the scaled and pole subtracted χ ± is no longer a branch point singularity and hence the final result (3.30) is justifiable and would apply directly to the scaling-amplitude function F ± . Unfortunately, we do not have any independent information to suggest that the "short-distance" sum (1.15) is convergent and thus the argument leading to (3.30) is at best suggestive that one or the other (or both) of the "short-distance" or "scaling" sequences are asymptotic.
The reduction in distance and dramatic increase in amplitude suggests that an asymptotic expansion about s = i is not possible, but this has not been proved.
For the anisotropic case we have not analyzed (3.1) in detail so we do not have the necessary amplitude information to make the same claim directly. However, we can take the extreme anisotropic limit of s infinitesimal (but not 0) and find that the Onsager line (3.24) has now come very close to the circle |v| = 1. At this point we can connect to the work in [12] . There it was observed that if χ(K, K ) was written as
the H n would be singular at a dense set of points on |v| = 1 as n → ∞. Furthermore, if as in the discussion above, v is infinitesimal (but not 0) the amplitudes of the singularities vary dramatically with order n and the same conclusion as in the isotropic case is reached. Given that the Onsager line (3.24) is a natural boundary in two extremes, it seems highly probable that it is also a natural boundary at all intermediate anisotropy values. We conclude this section by contrasting the above behavior of the susceptibility with that of the free-energy and magnetization which are only singular at an isolated set of points, not a dense set. This is precisely what one expects for a D-finite function, as in that case we have the following 7
Theorem 1 Let f (x, y) = n≥0 y n H n (x) be a D-finite series in y with rational coefficients. For n ≥ 0, let S n be the set of poles of H n (x); let S = n S n . Then S has only a finite number of accumulation points. This is observed in practice. The anisotropic magnetization and free-energy each have exactly one accumulation point [33] , while the (non-D-finite) susceptibility appears to have an infinite number [12] .
χ (j) is D-finite
This remarkable result, that χ (j) (or equivalentlyχ (j) ) is D-finite while χ is not, follows from the results of Lipshitz [13] (see also Zeilberger [34] ), who gives several basic definitions and theorems concerning D-finiteness of series in several variables. The integrand of the trigonometric/hyperbolic form ofχ (j) is an algebraic function of the variables c j = cos ω j and k 1/2 , and is thus a D-finite function in these same variables. Then by Theorem 2.7 of ref. [13] , integrating over one or more variables preserves D-finiteness which implies the result. The term D-finite is synonymous with holonomic in much of the literature. Kashiwara and Kawai [35] have shown that any Feynman diagram is holonomic, whereas an infinite sum of such diagrams may not be. This is just the phenomenon we observe here. At first glance it appears that Kashiwara's definition of holonomic differs from that used here, but this is not so. The point is that the definition of D-finite functions of more than one variable requires that the underlying system of partial differential equations be such that only a finite number of initial conditions are needed to specify the function. Such systems are called "maximally over-determined" or "holonomic" in the analysis literature. In the single variable case, the question of a finite number of initial conditions is clearly automatically satisfied.
Motivated by the above observation, we have attempted to find linear differential equations with polynomial coefficients in k 1/2 , or equivalently, linear recurrences for the series coefficients, ofχ (3) iso andχ (4) iso . With the available series of order k 257/2 and k 62 respectively, calculated using the methods of numerical integration described in [3, 11] , we have ruled out any such recurrences of depth 14 with coefficients of degree 15 forχ (3) iso , and of depth 6 with coefficients of degree 7 forχ (4) iso . Thus while these functions are provably D-finite, it is clear that the generating differential equation will be a fairly cumbersome object.
We have also attempted to fit these series as polynomials in the complete elliptic integrals K and E with polynomial coefficients in k and obtained similar negative results.
Correlation functions and difference equations
In this section we give details of our more efficient method of series generation based on summing the correlation functions, obtained by means of nonlinear recurrences, as outlined in the Introduction.
The equations we used for generation of the very long series are the ones given by Perk [15] . Here we present a slight generalization due to McCoy and Wu [36] which keeps track of the separate multi-particle components. The expansions of the two-point correlation functions in multi-particle components are analogous to the corresponding expansions (1.9) and (1.10) for the susceptibility
The fugacity λ is associated with the number of particles, and C(M, N ) = C(M, N ; 1). With these definitions the quadratic partial difference equations are 
We do not know of λ = 1 versions of these equations. These equations are nearly enough to determine all two-point functions completely. For the isotropic expansion, all that is lacking is either the high or the low temperature set of diagonal correlations (M = N ). From either one of these the other can be obtained using equation (4.5) with M = N . When λ = 1 we have used the integral formula (4.2) to compute the diagonal correlation functions. For the rest of this section we focus on the case λ = 1 where two superior methods for obtaining the diagonal correlations are available. From the purely computational point of view the difference equations of Jimbo and Miwa [16] are almost certainly the most efficient and to be preferred. However, from the point of view of understanding the analytical structure of the correlations the original Toeplitz determinants [37] [38] [39] are better. We also find that for the numerical computations we have carried out so far the evaluation of the determinants is only a small fraction of the total project time so efficiency is not yet an issue.
We will restrict ourselves in the following to the isotropic lattice. In that case and for N > 0, the diagonal correlation C(N, N ) is the determinant of an N × N Toeplitz matrix with elements a i,j = a i−j that are the integrals [39] 
(4.8)
These integrals apply both above and below T c and furthermore since τ → −τ corresponds to s → 1/s, one can establish from the integral in (4.8) the relations a −n−1 (τ ) = −a n (−τ ). Explicit formulae for a n for small n can be given in terms of elliptic integrals E and K but these expressions are not particularly enlightening and are not needed here. Rather we need the series expansions of (4.8), either in s, 1/s or τ depending on the application.
The series expansions in s and 1/s both for a n and C(N, N ) are completely straightforward with computer packages such as Maple that automatically handle the multiple precision arithmetic required. Furthermore, these same packages can be set to treat the C(M, N ) in the recursion formulae (4.3)-(4.5) as series and thus very little programming is necessary to generate the susceptibility. Admittedly, some steps need to be taken to conserve time and/or memory resources but this is very hardware dependent and will not be described here. What is worth noting, however, is that for a series to order N the recursion formulae require O(N 2 ) multiplications of series of length N and thus in a naive implementation, O(N 4 ) multiplications. Since the word length grows linearly with N the algorithm has complexity of at most O(N 6 ). There are more efficient ways to multiply long series and numbers with a large number of digits [40] but we have not found it necessary to explore these options.
Timing proportional to N 6 is observed in practice, in our implementation of the recursion in Maple. We have generated high-temperature series of order 323 and low-temperature series of order 646 for the isotropic susceptibility. The entire calculation took 123 hours on a 500MHz DEC Alpha with 21164 processor running Maple V version 5.1. We have also obtained shorter anisotropic series in this way (either the nearest off-diagonal correlation functions, or additional assumptions are needed). As lattice anisotropy is a marginal operator, we hope that an extension of this calculation will be very revealing.
The series in τ is most easily obtained by expressing the Toeplitz element integral (4.8) in terms of hypergeometric functions. To show this connection we start by writing
in terms of the real integrals
where ν = 2n + 1. The required symmetry a(−ν, τ ) = −a(ν, −τ ) is explicit in eqs. (4.9) and (4.10) and by standard integration by parts manipulation one can show that the cosine integral satisfies the differential equation
while the sine integral can be expressed as the derivative
Furthermore, a direct evaluation of the integral in (4.10) for small τ yields 13) and this initial condition together with (4.11) completely determines A c . Since (4.11) can be recognized as the hypergeometric differential equation in the variable z = −τ 2 , we can immediately write the solution as [41] A
(4.14)
On Taylor expansion we now obtain
which can be extended as required. From the expression (4.15) one can conclude that C (N, N ) , as an N × N determinant, will contain logarithmic terms τ q (log |τ |) p with q ≥ p and p ≤ N -barring cancellation. However, there is cancellation and the key qualitative features of the cancellation can be deduced simply by using an alternative representation for the determinant. In particular, by systematically subtracting rows and columns one can show that an equivalent determinant has matrix elements a i,j which are of the same integral form as the a n = a i,j in eq. (4.8) except for the replacement of the exponential exp(−2iθn) by the product exp(−iθn)(2 sin(θ)) i+j−2 .
The new matrix is no longer of Toeplitz form but for our purposes here it is the better representation because of the powers of sin(θ) which have the effect of shifting the log |τ | singularity of the integrals to higher order in τ. Indeed one can show from the new integrals that the leading singular behavior of each matrix element a i,j is proportional to τ i+j−1 log |τ | and this is sufficient to show that in the logarithmic terms τ q (log |τ |) p in C(N, N ) one must have q ≥ p 2 . We have not attempted to pursue this argument to deduce C(N, N ) analytically but rather have resorted to a numerical small N evaluation of C(N, N ) using (4.15) and then fitting to obtain formulae valid for general N. Our results for the leading logarithm term are summarized by the expression
in which we have used L to denote the discrete logarithm, i.e.
The product factor in the first braces of (4.16) is to be understood as unity for p < 2 and in the final brace pair the coefficients of τ q are polynomials in N of degree ≤ q. Furthermore, with the √ s factor extracted explicitly as in (4.16) these coefficients of τ q vanish if q = 2k +1 with k < p. The critical correlation factor in (4.16) is C(N, N, τ = 0) = N n=1 Γ 2 (n)/(Γ(n + 1/2)Γ(n − 1/2)), (4.18) and approaches A/N 1/4 as N → ∞ where [6] log(A) = 3ζ (−1) + log(2)/12. We have used (4.16), extended or truncated to some order in τ , as input to the quadratic recursion formulae to generate all correlation products √ sC(m, n) as series in τ within an octant m ≥ n ≥ 0, m + n ≤ 2N + 1. While most of our results are numerical, they are consistent with the assumption that the structure observed on the diagonal remains true on the octant. That is, if we define n = µN, 0 ≤ µ ≤ 1 and set m + n = 2N (even shell) or m + n = 2N + 1 (odd shell) then on these even/odd shells for large N, the correlations are of the form
where the A Considerable care must be exercised in the numerical work since the recursion formulae are unstable. A toy recursion relation of structure similar to the ones we use in the Ising study illustrates this nicely. Let
which is to be applied to all possible n and iterated forward in m. The recursion (4.20) has as a solution a constant, say M, but is susceptible to a steady state growth of errors so that
is also a possible solution. On substituting This is very close to what we find in our numerical work and implies that if we want some number of digits D that are accurate at the outer edge of the octant on a shell specified by n + m = 2N + 1 we need to start with digits D 0 ≈ D + 1.53N. In practice we have worked as high as N = 146 with D 0 = 380 using the automatic multiple precision facility of Maple. In section 6.1 we use these results to calculate the "short-distance" (including analytic background) terms in the susceptibility.
Conjectured short-distance structure
In this section we state some conjectures for the short distance behavior of the λ = 1 model introduced in section 4. We arrived at these conjectures by inspection of series obtained from a combination of the integrals (4.2) and the difference equations (4.3)-(4.5). Our interest in this model is motivated by several considerations. Firstly, it enables us to see how the analytic structure of χ evolves as successive contributionsχ (2j) orχ (2j+1) are added. Secondly, the correlation function C(M, N ; λ) for small values of M and N may be required as initial conditions for certain series generation algorithms. Thirdly, we hope that the presence of an additional parameter which can be varied will provide some insight into the Ising model itself. Finally, the deformations of the elliptic functions that appear in our conjectures may be of intrinsic mathematical interest. Following the lead of ref. [27] we make a change of variable from the modulus, k, to the nome q. Examination of the j-particle contributions to the isotropic susceptibility and twopoint functions reveals that there is much regular structure. We arrive at exact conjectures forĈ (j) (0, 0),Ĉ (j) (1, 0),Ĉ (j) (1, 1),Ĉ (j) (2, 0) andĈ (j) (2, 1) as functions of j and q. These provide the first terms in the short distance expansion of the susceptibility.
q-series in the Ising susceptibility
Although more complete results have been obtained for the correlation functions, we will demonstrate the method by which we derived our conjectures using the susceptibility as an example. To make our observations more concrete, we reproduce tables of series coefficients for (1 − k 2 ) 1/4χ (j) iso . As an example of how to interpret the 
In fact, we observe that as j tends to larger and larger values, the first row of coefficients tends towards the expansion in k of 2 j q j 2 /4 /θ 3 (0, q). 8 The first correction comes in at order q j(j+1)/4 . Hence we make the change of variable from k to q inχ (j) iso and divide the result by 2 j q j 2 /4 /θ 3 (0, q). For all j we obtain a series of the form 1+4q j/4 +cq (j+1)/4 +. . . The sequence of terms starting at order q j/4 appears again to be fitted by a recognizable function of q, at least until contributions appear at order q 2j/4 or q 3j/4 . Subtracting this assumed product form yields a series whose first correction enters at order q 2j/4 . The coefficients of the terms of orders lying between q 2j/4 and q 3j/4 are not independent of j as was the case previously, but vary linearly with j. The constant part has a product form, and the j-dependent part may as well be we do not have sufficiently many terms to make a firm conjecture. Likewise the terms between q 3j/4 and q 4j/4 depend quadratically on j, and the correction at q 4j/4 appears to vary as the fourth power of j.
From the long series we have produced, we have been able to conjecture that
These are consistent with the expressions for the correlation functions in the following section. That is to say, summing the correlation functions given in the following subsection gives terms that agree, as far as they should, with the above expression. Similarly, summing (5.2) over j gives a series that agrees to the appropriate (low) order with the known expansion for χ iso.
q-series in the two-point functions
In this subsection we write down some conjectured results for the short-distance correlation functions which we have derived empirically. For these cases, unlike the susceptibility, the general correction term is apparent from the series and we are able to formulate exact conjectures. Let us define operators, Φ 0 and Φ 1 , which convert power series in z to power series in q according to the rules
Then we conjecture that
and
As noted above, these are necessary, but not sufficient, for the generation of the jparticle contributions to the correlation functions, being some of the initial conditions for the recurrences.
Scaling form of the susceptibility.
The main result in this section is a conjecture completely specifying the analytic structure of the susceptibility χ of the isotropic Ising model in the vicinity of the critical point both in the neighborhood of the ferromagnetic point s = 1 and the anti-ferromagnetic point s = −1. The conjecture, contained in eqs. (1.15-1.18) is based on what we believe is overwhelming numerical evidence that is obtained by disentangling the "short-distance" and "scaling" parts of χ in a manner described below.
In section 6.1 we give the assumptions and numerical procedures we use to derive the "short-distance" part of χ in (1.15) with the coefficients listed in the Appendix. Then, in section 6.2 we describe the "short-distance" subtraction and analysis on which the behavior of the scaling-amplitude function F ± shown in (1.18) is based. Finally, in section 6.3 we outline our fitting programs to determine the coefficients in the functions F ± . Since there are no confluent singularities in F ± whose amplitudes need to be found, the fitting procedure is very well-conditioned and the coefficients in the Appendix are as determined to an accuracy of up to 20 digits.
"Short-distance" term.
That the "short-distance" contribution to χ can be obtained from numerical values of C(m, n) for small |m| and |n| relies on certain assumptions about the behavior of the expansion coefficients in eq. (4.19). In particular, we assume that (4.19) remains valid up to N of the order 1/τ where it can, in principle, be matched term by term to a large distance expansion that properly describes the roughly exponential exp(−Nτ ) decay of correlations as N → ∞. Explicit matching formed the basis of the previous calculations of terms in the "short-distance" χ (cf. [20] ) but this becomes extremely cumbersome at higher order. Our ability to go to high order here rests on the fact that we dispense with such explicit matching and rely instead on power counting to uniquely identify those terms that contribute to the "scaling" and the "short-distance" parts of χ separately. We believe this is tantamount to the scaling argument that in the critical region there is a single length scale proportional to 1/τ ν with ν = 1 and thus, in a way to be made more precise below, we can deduce the power law of the large distance contribution of any set of terms varying as N p by simply replacing N p with 1/τ p . Terms whose variation is as a fractional power of τ (with possibly logarithmic multipliers) are discarded as assumed contributions to the "scaling" part of χ. Terms whose variation is predicted to be an integer power of τ (with possibly logarithmic multipliers) are assumed to be part of the "short-distance" χ and are treated more carefully.
To make the argument and assumptions more explicit we begin with some definitions that will be useful also for the subsequent analysis. Let the two dimensional sum (1.8) defining χ be reduced to a one dimensional sum by combining the contributions from all sites on the even and odd squares |m| + |n| = 2N , 2N + 1 and then further combining these into sum and difference combinations which are necessary for separating the ferromagnetic and anti-ferromagnetic contributions. That is we write
where the first sum simply defines the coefficients C 
have the large N asymptotic expansions
as assumed in (4.19) based on numerical evidence. The ferromagnetic and anti-ferromagnetic cases have been treated separately in (6.3) to emphasize that shell subtraction in (6.1) reduces the leading power of N by unity. The upper limit L on the logarithmic powers in (6.2) depends on k as discussed in connection with eq. (4.16) but its precise value is not needed in the following discussion. We also introduce the partial sums
where the R (l,k) N ± in the second equality in (6.4) are numerical coefficients that are directly generated by the quadratic recursion relations and the subsequent lattice summations. In the final equality in (6.4) these expansion coefficients have been formally split into two terms. This formal separation is to be understood in an asymptotic sense with β (l,k) ± a constant that is the N independent part of R (l,k) N ± as N → ∞ and which we can understand as an "integration constant". The remainder δR (l,k) N ± , we will show in the case that l = L, has an asymptotic expansion like the A (l,k) N ± in (6.2) except for an extra factor of N from the summation. For l = L the δR (l,k) N ± can be expressed as sums of such expansions with multiplying logarithmic factors L N .
We now come to our key assumption. The partial sums in (6.4) in most cases diverge as N → ∞ because of the presence of large fractional powers of N in the δR (l,k) N ± . However, we assume that if the formal matching of the short and large distance expansions for C(m, n) had been carried out, these partial sums would in fact converge and furthermore the contribution of each power of N term could be estimated by the replacement N → 1/τ. Since all the powers of N in δR (l,k) N ± are fractional, the result is that these terms contribute only to the "scaling" part of χ. Thus the "short-distance" part of χ comes entirely from the "integration constant" term β (l,k) ± in (6.4), and on explicitly reinserting the factors of √ s and τ k we get
at the ferromagnetic and anti-ferromagnetic points. The last equality in (6.5) is eq. (1.15) and follows simply by expanding √ s in a series in τ. The rest of this section comprises a discussion of the numerical scheme we use to isolate the "integration constants" efficiently.
A technical problem arises in that one must somehow isolate the constant β 
N ± and by comparing coefficients in eqs. (6.4) and (6.2) we get
In the case that l = L there are no logarithmic factors on the right hand side of (6.6) and the equation is just a discrete first order differential equation in N whose solution is an integration constant additive to an asymptotic series of the same form as in (6.3) except for an extra power of N. The easiest way to determine the "integration constant" β (L,k) ± is to fit it together with unknown coefficients defining the asymptotic series part to a sequence of R (L,k) N ± . This is a stable numerical procedure, although if k is large, β (L,k) ± is sub-dominant to many much larger terms and it is essential to calculate in high precision. For example, we might start the recursive calculation of R (L,k) N ± as described in the previous section with D 0 = 380 digits, end with D = 155 digits at N = 146, and continue with this number of digits in a 71 × 71 matrix inversion to obtain the β (L,k) ± of interest while discarding the remaining 70 coefficients of the asymptotic series! The results are slightly more accurate than the final answers that are given in the Appendix.
For l = L the presence of logarithmic factors on the right-hand side of (6.6) makes fitting to R (l,k)
which we use as replacements for R (l,k) N ± in all fitting procedures. That the fitting functions F (l,k) N ± will give the same β (l,k) ± is obvious since the added terms in (6.7) all contain logarithmic factors and are thus not N -independent. That the F (l,k) N ± are logarithm free follows from F (l,k) (6.8) and an argument by induction starting from l = L. Eq. (6.8) can be verified using the definition (6.7) and the subtraction eq. (6.6).
To summarize, we obtain β (l,k) ± numerically by using (6.7) iteratively, starting with l = L − 1, to generate F (l,k) N ± using procedures similar to that described above for the initial F
The results are given in the Appendix. Our arguments above are at best plausible and to provide a rigorous proof justifying our numerical procedure we believe one would have to do three things. First, one would have to show the C(m, n) expansion has the form (4.19) we deduced on numerical grounds. Second, one would have to show there exists a corresponding asymptotic expansion valid at large N. Third, one must show both expansions have a sufficiently large domain of validity that the matching we assumed could in fact be carried out to arbitrarily high order. On the other hand, we have numerical evidence for the validity of our procedure as described in the next section. The "short-distance" terms we have calculated, when used in a series subtraction process, leave a residual in high order series coefficients that is consistent with the complete elimination of all "short-distance" terms, both singular and analytic, to the O(τ 14 ) we have worked. While the main intent of section 6.2 is actually quite different, it is highly unlikely that the cancellations necessary to yield the expansion of the scaling-amplitude function F ± of eq. (1.18) in pure integer powers of τ would have occurred had there been an error, numerical or otherwise, in the results of this section.
We conclude this section with a toy model example to illustrate the possible convergence properties of the short-distance expansion. The main impediment to extending the calculation described above is that we do not have simple analytical expressions for the τ expansion of the C(M, N ) in general. An exception is on the diagonal where we know, cf. eq. (4.16), that the coefficient of
and a simple expression for the asymptotic expansion of C(N, N, τ = 0) at large N can be found in Au-Yang and Perk [47] . We can define the diagonal partial sums S
and, as in the analysis described above, ask for the short-distance coefficient b
diag could be viewed as a partial contribution to the short-distance terms of interest but since we do not know what cancellations will occur when we include all C(M, N ), we prefer to consider it only as a toy result that is suggestive for the convergence of the short-distance terms with order p.
The term b (p) diag is also equal to the independent part of ∞ n=0 C (p) n e − n in the limit → 0. This latter expression is more convenient since we can add to it any term such as 1/(1 − e − ) p 2 +3/4−k for integer k without contributing to any independent term. If we expand such terms in series in e − , we obtain as an equivalent sum
Now choose the g k in (6.10) such that the divergent terms in the asymptotic n expansion of C (p) n cancel the divergent terms in the Gamma functions. Then the n sum becomes convergent even with = 0. With the cancellation extended to include also some slowly decaying terms in n, thus requiring K > p 2 , one obtains the explicit formula
g k Γ(n + p 2 + 3/4 − k)/n! (6.11) which is very convenient for numerical work. We find the b (p) diag calculated from (6.11) for p = 1, 2, . . . , 20 The sequence in (6.12) clearly shows the asymptotic nature of the toy expansion. Furthermore the magnitude of the terms is in semi-quantitative agreement with Γ(p 2 /2)/a p 2 /2 from eq. (3.30). Thus while we cannot conclude that this will be how the short-distance susceptibility terms B f/af in (1.15) will behave, it is at least encouraging to note that there is no evidence for any behavior more singular than that predicted by our natural boundary analysis.
Series "proof " of F ± behavior
Any numerical analysis program to deduce functions such as the scaling-amplitude functions F ± from their series expansions is in essence a fitting routine and always presupposes a knowledge of the analytic structure of the result. Although we have very little exact knowledge of F ± we do know that the multiplier of |τ | −7/4 in χ (2) (cf. eq. (1.13)) contains log |τ | terms and there is numerical evidence [3] that this is true of the χ (n) for n > 2 also. On the other hand, Gartenhaus and McCullough [22] found that the series for χ were consistent with the absence of logarithmic corrections in F + through order τ 3 and this was subsequently confirmed for F − as well [11] . Scaling arguments on the question of logarithmic corrections are necessarily inconclusive because of the lack of information on amplitudes, some of which may vanish. We know of no scaling argument that either definitely requires the presence of logarithmic terms or can definitely exclude them.
The natural boundary arguments given in section 3.2 preclude the possibility that χ has a convergent rather than asymptotic expansion about τ = 0, but we know of no analytical argument that shows whether this applies to both the "scaling" and "short-distance" terms or just to one or the other. 9 Neither could we distinguish the convergent from the asymptotic expansions from the data we have. Although there are singularities in χ dense on the line −i ≤ τ ≤ i, the singularities close to τ = 0 are extremely weak and we have not detected any singularity closer to the ferromagnetic τ = 0 point than that arising out ofχ (6) at (τ ) = √ 7/4 ≈ 0.66. Thus for all practical (numerical) purposes we can ignore the possible asymptotic nature of the "scaling" terms.
The possibility that the F ± might be expanded in a series in integer powers of τ can be confirmed numerically without evaluating any of the coefficients in the expansion. The trick is to generate the series for the susceptibilities divided by the factor (1 − k 2 ) 1/4 . Any term in F + or F − that is not a pure integer power law τ p , p > 1, will necessarily contribute to the high order coefficients of the series. Of course, the leading two terms 1 + τ /2 in F ± , which occur as poles proportional to 1/τ 2 and 1/τ in the scaled χ ± , will also contribute, but the amplitude of these terms is known and so their contribution can be subtracted. Similarly, given the accurate "short-distance" amplitudes in the Appendix, the contribution of all "short-distance" terms can be similarly eliminated through order τ 14 . We find that the remaining high order series coefficients are plausibly consistent with the "short-distance" O(τ 15 ) that has not been subtracted and thus that there is no numerical evidence for any powers of τ other than pure integers in the scaling-amplitude functions F ± . The rest of this section gives details of the analysis that is the basis for this conclusion while the following section reports on our procedures for estimating the coefficients in the τ expansions of F ± .
As outlined above, our search for possible terms other than those with pure integer powers of τ in the F ± involves the observation of the high order series terms in the scaled and pole subtracted susceptibility functions
applicable for T > T c and T < T c respectively. Since the procedures for T > T c and T < T c are not different in principle, we will restrict the discussion below to the T < T c case only. To implement the "short-distance" subtraction we can restrict ourselves to determining b n , the contribution to the coefficient of s −n arising from the s −1 = 1 singularity in is indicative of a convergent series with radius of convergence ≈ 1.2. This implies a conjugate pair of singularities at τ ≈ 1.1i. If however the series is asymptotic, this observation will fail to hold.
(1 − s −4 ) −1/4 (log(−τ )) p / √ s. 10 The contribution from τ q (1 − s −4 ) −1/4 (log(−τ )) p / √ s follows trivially from b n by q repetitions of the derivative operation D τ b n = (b n+1 − b n−1 )/2 because of the simple form τ = (s −1 − s)/2. Note also that the contribution from the 1/s = −1 singularity is identical except for an overall sign (−1) n and thus simply requires that in the end we set all odd power amplitudes to zero and double the even ones. To determine b n is a standard exercise in complex variable contour integration; we deform the contour in an s −1
and although the integral (6.14) cannot in general be done in closed form, expansions valid asymptotically for large n are easy to generate with computer algebra packages such as Maple. Because our series are particularly long these asymptotic expansions are essentially exact and are also very convenient for the subsequent D τ differentiations. It is also necessary to subtract and/or smooth out the contributions from complex singularities on the circle |s −1 | = 1. The only significant ones for the present calculation are those at s −1 = ±i and ± exp (±iπ/3). The subtractions of the leading contributions from the latter singularities arising fromχ (4) can be obtained directly from eq. (28) in [11] . The result is where (z) n = Γ(z + n)/Γ(z) is a Pochhammer symbol. We find that the further smoothing to give the remainder
The denominator √ s factor here and in the following is included for the convenience of allowing us to use the "short-distance" amplitudes exactly as tabulated in the Appendix. It also simplifies the final formula (6.14) .
is more than adequate. Here as in [11] D a g n = (g n−1 + g n+1 )/2 suppresses the contributions from s −1 = ±i while D b g n = (g n−2 + g n + g n+2 )/3 reduces what has not been subtracted by (6.15) . Note that the smoothing in eq. (6.16) scales up the amplitude contributions from the singularities at s −1 = ±1 by a factor n 15 .
We find that as we include higher and higher orders of the "short-distance" terms in the subtraction process the remainder amplitudes (6.16) decrease in a smooth fashion. The amplitude R − n we obtain after having subtracted all terms through O(τ 14 ) listed in the Appendix is, at n = 600, ≈ −4.1 × 10 7 compared to ≈ 1.5 × 10 43 one gets without pole subtraction in (6.13) . The residual is very reasonably the amplitude we would expect from the O(τ 15 ) terms and this has been confirmed by extending the "short-distance" amplitude sequence in the Appendix by two terms using a crude Padé analysis. The result of this additional subtraction is to reduce R − n at n = 600 to ≈ (−1 to 1) × 10 6 . Analysis of the high temperature series leads to a similar conclusion and also that the anti-ferromagnetic "short-distance" terms in the Appendix represent the susceptibility at this point completely with nothing left out.
Although our analysis does not "prove" the absence of powers of τ other than pure integers, we can put very stringent bounds on the amplitudes of any possible singular terms. To make this comparison concrete, we suppose either of F ± contains the singular term A p τ p log |τ | and for simplicity assume p integer. The contribution of this term to the amplitude of the coefficient of s n for T > T c or 1/s n for T < T c in the high/low temperature series expansion of (6.13) will be about A p Γ(p − 1)/n p relative to the pole contribution and this is to be compared to the observed amplitude we obtain after subtracting or smoothing away the known singularities as best we can. Our current results are the amplitude bounds
and these bounds essentially exclude any singularity with reasonable amplitude, scaling as τ p , for all p less than about 15.
F ± coefficient analysis
The task of determining F ± numerically is enormously simplified by the a priori knowledgestrictly speaking a conjecture based on the numerical work of the last section-that F ± has an expansion in integral powers of τ near τ = 0. The absence of any confluent terms means that many different analyses can be used efficiently and we report here on two independent calculations that give essentially identical results, thus again confirming the above conjecture.
We have not seriously attempted to optimize our analysis to give the most accurate numerical values possible and thus if it ever becomes necessary one could almost certainly improve on our coefficients as given in the Appendix. One particular feature of the F ± expansion is worth noting here. When the functions are scaled by √ s the resulting series are numerically consistent with series in even powers of τ only. We have also noted a similar simplifying role played by √ s in the "short-distance" terms which ultimately trace back to the Toeplitz determinant giving the diagonal correlations C(N, N ) and to the quadratic recursion relations for general C(M, N ). 11 This result is not entirely unexpected. The singular part of the free energy in zero field is an even function of τ and the magnetization M = (1 − s −4 ) 1/8 is s −1/4 (−τ ) 1/8 times an even function of τ. Nonlinear scaling field analysis then predicts, in the absence of corrections, that the "scaling" part of the susceptibility is s −1/2 |τ | 7/4 times an even function of τ . Thus although our results for F ± are not consistent with the complete absence of correction terms as discussed in section 7 the prediction that √ sF ± is even in τ does appear to be preserved to all orders. To determine the coefficients in F ± we return to the unscaled χ ± of eqs. (1.9,1.10) so that the terms in F ± are now singularities of the function and contribute to the high order coefficients in the series. The cases T < T c and T > T c are again similar; for T < T c the unwanted contributions from the "short-distance" part of χ are subtracted as in the s-plane analysis described in section 6.2. We use essentially the same smoothing except for a 1/4 shift in power necessitated by the difference in the singularity structure generated by the χ rescaling of section 6.2. That is, we replace the remainder eq. (6.16) by
and reduce the remainders R − n in (6.19) by a least squares fitting to the unknown F − coefficients in a procedure similar to that described in [11] . Fitting intervals ∆n > 128 are typically used, and an FFT of the residuals is very useful as a diagnostic to interpret the observed oscillations in the residuals in terms of χ singularities on the circle |s −1 | = 1. Because the highest order terms in F − are not fixed (i.e. known) unlike the "short-distance" 11 See also the discussion of the quadratic recursion relations in Itzykson and Drouffe [18] where rescaling by √ s was used to simplify the scaling limit.
terms, they tend to float and become effective amplitudes that incorporate all the higher order effects including the "short-distance" contributions that have not been subtracted. One technical result of this is that the residuals we observe in (6.19) are some six orders of magnitude smaller than the residuals we obtained in (6.16) . In part this means that whereas (6.16) was more than adequate as a smoothing operation, (6.19) is marginally so. In addition, we observe here for the first time one of the singularities fromχ (6) , and using the cut information given in eqs. ( 
A similar analysis has been carried out for T > T c and our estimates for the coefficients of F ± are given in the Appendix. The coefficients through O(τ 5 ) are unambiguously rational and have been fixed in the final fittings. We have also set to zero all coefficients of odd powers of τ in the product √ sF ± to O(τ 15 ) but have allowed variable coefficients of τ 16 , τ 17 and τ 18 . These latter coefficients are, as expected, sensitive to whether we stop the "short-distance" subtraction at O(τ 14 ) or add in the additional terms we have estimated by Padé methods. The terms quoted in the Appendix on the other hand are completely stable and thus we believe reliable except possibly for the last digit.
When we relax the constraint of zero amplitude on individual odd τ k terms in √ sF ± for integer 5 ≤ k ≤ 15 we find no significant improvement in our fits and the resulting amplitudes are consistent with zero. For example, when T < T c , we find best fit coefficients of τ k , k odd, that in absolute magnitude are all less than ≈ 4 × 10 2k−33 . For T > T c the corresponding bounds can be as much as 100 times larger. But in both cases these bounds are of a magnitude similar to what we estimate is the uncertainty in the even order coefficients given in the Appendix. Thus we believe √ sF ± even in τ to be an exact symmetry of the scaling-amplitude function.
An alternative analysis using the traditional variable v = tanh K was also carried out. The natural boundary singularities at |s| = 1 are mapped to two circles |v ± 1| = √ 2. In this expansion variable, the ferromagnetic and anti-ferromagnetic critical points are at v = ±( √ 2 − 1) respectively, and all other points on the two circles are farther away from the origin. Hence the amplitudes of any other singularities are exponentially damped and may be neglected in the analysis. The two analyses are in complete agreement, but the more detailed s-plane analysis provides greater precision. For contemplated future analyses on other lattices, for which less is known about the natural boundary singularities, it may be necessary to use the v-plane analysis.
7 Expected scaling form of the susceptibility.
The basic scaling Ansatz for the singular part of the free-energy of the two-dimensional Ising model is
Here g t , g h , g u j are nonlinear scaling fields associated with the thermal field t, the magnetic field h and the irrelevant fields {u j }. The exponents y t , y h > 0 are the thermal and magnetic exponents, and y j < 0 are the irrelevant exponents. 12 . The nonlinear scaling fields have expansions
a 2n (t, u)h 2n , a 0 (0, u) = 0,
where a 2n , b 2n+1 , c 2n are smooth functions of t and u ≡ {u j }. If irrelevant fields are neglected, then the known zero field free energy forces the equalities Y + (0) =Ỹ − (0) and Y + (0) = Y − (0). Furthermore, the absence of logarithmic terms in the known magnetization and the divergent part of the susceptibility requires the derivatives Y ± (0) andỸ ± (0) to vanish. Aharony and Fisher have conjectured [25] , almost certainly correctly, that there are no logarithms multiplying the leading power law divergence of all higher order field derivatives, in which case theỸ ± are constants and analyticity on the critical isotherm for h = 0 demandsỸ + =Ỹ − . With all these constraints built in, one can show the scaling Ansatz (7.1) together with the field expansions (7.2) lead to f (t, h = 0) = −A(a 0 (t)) 2 log |a 0 (t)| + A 0 (t),
where A, B, C ± and E are constants and β = 1/8, γ = 7/4. The free energy and magnetization eqs. (7.3) determine the scaling field coefficients a 0 (t) and b 1 (t) in (7.2) . The presence of irrelevant scaling fields will be expected to manifest themselves as deviations from the predicted form of the susceptibility in (7.4) and/or as deviations from the unique prediction for the coefficient of C ± . Working as usual in the temperature variable τ = (1/s − s)/2, we write the predicted isotropic susceptibility from (7.4) as
where F (A&F) has already been given in eq. (1.19) . The "short-distance" contribution to χ is here predicted to be given by the sum of the term containing e 0 (τ ), which arises as the mixing of the first two terms in the expansion of g t in (7.2), and the analytic D 0 (τ ). The clear implication of eq. (1.18), which shows the exact F ± is not equal to F (A&F) is that irrelevant variables do play a role, and the multipliers F ± represent the contribution of a number of scaling fields. While there are suggestions in the literature for what these scaling fields might be 13 it is unlikely that a unique identification could be made here since we are dealing with a single isolated model with no free parameters to vary. A corresponding analysis of the anisotropic square, and the triangular and hexagonal lattices is likely to be enlightening in this regard. In [49] a study of difference equations is given, which implicitly outlines what is needed to obtain the difference equations for the hexagonal and triangular lattices. Additional material in this respect can also be found in [50] . 13 An excellent early discussion of the types of corrections that might be found, together with a search for some of them can be found in Blöte and den Nijs [43] . Developments in our understanding of the predictions of conformal field theory [44] [45] [46] lead us to believe that a virtually complete explanation of corrections to scaling is obtainable, at least in principle. Our analysis supports the conclusion of Barma and Fisher [42] that a correction-to-scaling term with exponent θ = 4/3 is absent for the pure S = 1/2 Ising model susceptibility considered here. A mechanism in terms of generators of the energy family of the Virasoro algebra is adduced by Caselle et al. [48] which gives rise to corrections at order τ 4 as observed.
Note however that two different effects manifest themselves. At fourth order in t (or, equivalently, τ ) scaling under the assumption of only two nonlinear scaling fields breaks down, as evidenced by the difference between the coefficients of τ 4 in eqs. (1.18) and (1.19) . However the corresponding high-and low-temperature amplitudes still satisfy C + 0 /C − 0 = C + j /C − j for all j ≤ 5. For j > 5, not only does simple scaling fail to hold, but this equality also breaks down.
In the vicinity of the anti-ferromagnetic point in the high-temperature phase, χ is given exclusively by a "short-distance" term (1.16). Both B af and B f from eqs. (1.16) and (1.17) have expansions of the same form (1.15), where the sum over p is restricted to p 2 ≤ q. The coefficients in this expansion can be determined from the short-distance correlations, and accurate values for the expansions of B f/af are given in the Appendix through O(τ 14 ).
Again we note that there are terms in these "short-distance" functions that are not of the Aharony and Fisher [24, 25] predicted form (7.5) based on the absence of irrelevant variables.
We conclude with some speculative remarks. We cannot account physically for terms of order t q (log |t|) p , with p ≥ 2 and q ≥ p 2 in B f , though we can see their origin mathematically, as discussed below eq. (4.15) and in footnote 12. While terms without logarithms and terms of order t q (log |t|) are expected, it is surprising (to us) that higher powers of log |t| enter at the orders they do.
From conformal field theory, we have predictions for the irrelevant exponents y j = −2, −4, −6, . . . . The fact that f ± is not equal to the corresponding term in (1.19) for k = 4, 5 suggests the presence of only a single irrelevant operator contributing at order τ 4 , while the breakdown of high-low temperature symmetry in F ± at O(τ 6 ) suggests that more than one scaling operator couples to the lattice magnetization at this order. A corresponding study to that reported here on the triangular and honeycomb lattices, as well as on the anisotropic square lattice is likely to be enlightening, and we hope to report on this in future. The last digit in each term above may not be reliable.
For completeness we give also the leading susceptibility amplitudes evaluated to higher accuracy than reported in [3] : 
